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A class of hopscotch methods is considered for the solution of a heat equation with
constant coefficients, defining the heat flow in a thermal print head. The behavior of the
finite difference schemes for the numerical solution of the heat equation is studied for
both isotropic and anisotropic media.

1. INTRODUCTION

The flow of heat in a thermal print head subject to a discontinuous heat source
generated in a thin film deposited on the surface of a glass substrate was first
considered in a paper by Chen [1]. An unusual feature of Chen’s model was that
the three-dimensional heat equation for the substrate required the solution of a
two-dimensional heat equation for the thin film as one of the boundary conditions.
The complex nature of the mathematical problem made a general analytical
solution impossible. Thus, numerical analysis techniques played an important role
in obtaining a solution to such a problem.

In [1] the partial differential equations for the heat flow were solved numerically
by the implementation of an explicit finite difference scheme for the substrate
problem and an implicit method for the thin film. However, the use of the explicit
scheme was severely restricted by convergence criteria. In a paper by Morris [9]
alternating direction and locally one-dimension methods (see Mitchell [8]) were
applied to the solution of the problem of [1]. Such schemes required the solution of
sets of simultaneous equations which was time consuming and restrictive on the size
of problem to be solved.

Following original work by Gordon [4], (see also Saul’iev [13]), a fast algorithm
for the solution of partial differential equations was developed by Gourlay [5]. The
method was called the hopscotch algorithm because of the way the scheme pro-
gressed through the time-space grid. Later a more general class of hopscotch
methods was introduced by Gourlay and McGuire [6]. The structure and pro-
perties of these algorithms made them particularly easy to implement. Recently
Morris [10] adapted a hopscotch technique to a modified model of the original
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thermal print head problem in which the physical heating element embedded in the
thin film was replaced by an incident normal beam of electrons. Good computational
results were obtained, and it was concluded that the hopscotch scheme was a very
attractive method to use for the solution of complicated physical problems.

Up until this point the discussions with regard to the heat flow in a thermal
print head have been restricted to considering the substrate and thin film as
isotropic media. (A homogeneous solid is said to be isotropic if it Is of such material
that when a point within it is heated, the heat spreads out equally in all directions.)
When certain directions are more favorable for the conduction of heat than others
then the medium is said to be anisotropic. However, finite difference methods used
to date are unsatisfactory for anisotropic partial differential equations in that poor
accuracy is achieved in practice.

Recently some techniques have been produced which improve the accuracy
of the results. Watts [11, 12] presented a method which required an iterated
solution of a system of simultaneous linear equations. A line successive over-
relaxation (L.S.0.R.) technique was used with the columns orientated in the
direction of high conductivity. A column correction process requiring the solution
of a tridiagonal set of equations was implemented after a number of L.S.O.R.
sweeps to bring the solution vector closer to its correct values. Such a scheme,
however, was slower than any available method for the solution of isotropic
problems and was only applicable to equilibrium problems.

Chu, Morton, and Roberts [3] and Chu and Johannson [2] investigated the
numerical solution of the anisotropic heat conduction equation in which the axes
of the finite difference grid were at an angle to the principal axes of conductivity.
The authors endeavored to solve the problem of the anisotropy by transforming
the anisotropic partial differential equation into a nonanisotropic partial differential
equation by a rotation of axes. In this case a cross derivative term was introduced,
and the authors considered finite difference methods for this equation. We will
adopt the alternative strategy of considering the original partial differential
equation per se and consider the properties of the class of hopscotch methods as
described in [6].

In Section 2 we briefly describe the physical problem and define the mathematical
model. The hopscotch schemes are outlined and analyzed with respect to the
anisotropic terms in Section 3. In Section 4 the computational results for several
numerical experiments are reported. The paper is concluded in Section 5.

2. THE PHYSICAL PROBLEM AND ITS ASSOCIATED MATHEMATICAL FORMULATION

A thermal print head is composed of a glass substrate surmounted by a thin film
of a material with high thermal conductivity properties. Embedded in the thin film
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FiG. 1. A 5 X 5 matrix thermal print head (top view).
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FiG. 2. A single element of the matrix (side view).

layer is a matrix of heat resistors (Figs. 1 and 2). When a current is passed through
the resistors their immediate neighborhood is heated. When heat is applied to a
thermally sensitive paper, a chemical reaction will occur if the heat induces a
temperature above a certain threshold. By heating specific elements in the matrix,
characters can be produced on the paper. When the current is switched off, the
glass substrate acts as a heat sink allowing the printing surface to cool rapidly.

This printing technique can be made faster than conventional mechanical devices
if an optimal “time on/time off” cycle for the current in the thermal print head
can be found. In addition the physical properties of the materials used in the
manufacture of the thermal print head need to be considered carefully. For a given
set of physical parameters, a given on—off switching of the heat source can cause
an overall rise in the print head temperature which in turn results in indistinct
characters being produced on the print paper. In this case it is likely that the
off-time between each character-printing would have to be increased thereby
slowing down the print cycle.

In our investigation several numerical simulations of the thermal print head are
made for varying physical constants and in particular those which give rise to
anisotropy.

The mathematical model [1] assumes that the thickness of the thin film is so
small in comparison with that of the glass substrate, and the thermal conductivity
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coefficient for the thin film to be sufficiently high so as to make the temperature
gradient in the vertical direction negligible. If we represent the vertical direction
in a Cartesian coordinate system (x, y, z, t) by z, this effectively means that the
thin film has no dimension in the z coordinate other than to give it a thermal
capacity due to a thickness D of the thin film, say.

The heat equation governing the heat distribution in the thin film is then

ou K 2u &azu s(x, y, 1) hy B
o~ pCav T pCar | pc Dpc™ ) M

where v = u(x, ¥, 0, 1) denotes the temperature in degrees centigrade at a point
(x, y, 0, t) in the thin film. «, is the thermal conductivity of the thin film in the
x direction, «, is the corresponding thermal conductivity in the y direction, p is the
density, C is the specific heat, u,, is the ambient temperature, and /4, is the convective
heat transfer coefficient between the thin film and air. The term,
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where H(0) is the Heaviside function defined by

0 0 <0,
HO =] §lg
represents a heat source with discontinuous in both time and space for a print
head composed of an m X m matrix of heating elements with n on-off switches.
The 1, are defined such that¢;, i = 0, 2, 4,..., 2n — 2, are the switch-off times and ¢, ,
i=1,3,5,..,2n — 3, are the switch-on times for the heat source. The heat resistors
are defined as the squares

{)iB+oe<x<(+DB-akf+a<y<tk+DB-0,0<jk <m-1},

where 8 is the side length of a single print element, and ¢ is the heat generated in
watts per unit volume. :

The initial condition u(x, y, 0, 0) = f(x, »,0), 0 < x, y </ and the boundary
conditions dufdn = 0, x =0,5; 0 <<y < y=0,1; 0 < x </ are given for
Eq. (1) where I = m X B is the overall side length of the print head, 7 is the
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outward drawn normal to the edges of the thin film, and fis a continuous function.
We assume continuity of initial and boundary conditions.

In the forthcoming section, for simplicity of analysis, we will consider only a
single heat element. We will further assume that the heat resistor covers the entire
upper surface of the print head, i.e., « = 0. The case in which the heat source is
discontinuous in space (x > 0) as well as in time will be considered in a later paper.

The region in which the solution is required is defined by,

R=Rx[0<t<T]

where R = {(x, y, 2); 0 < x, ¥, z < B} and we denote the boundary of R by 4R so
that the solution of Eq. (1), with initial conditions and boundary conditions,
constitutes a boundary condition on oR,_, for the total print head.

The equation governing the temperature distribution u in the glass substrate is

w_ kg Cu k Pu ks Ou o
ot pCréxt  pCy 8yt T p Gy 022

subject to the initial condition
ux,y,2,0) =f(x,y,2) 0<x,y2z<8

and the boundary conditions

dufon =0 on OR,,, and ©OR, .4,

ulx, y, B, t) = g(x, y, B, t) and u(x, y, 0, ¢) is the solution of Egs. (1) and (2) on
OR,. s, , tespectively. «;, k,, k5 are the conductivity coefficients of the substrate
in the x, y, and z directions, respectively, p, , is the density, and C, is the specific
heat. The print head has been assumed to be a cube for programing convenience;
the results are easily extendible to any rectangular shaped print head.

3. THE NUMERICAL METHODS

In this section we shall consider the odd—even hopscotch, line hopscotch, and
A.D.IL. hopscotch difference schemes [6, 7] for the numerical solution of Egs. (1)
and (2) with their respective initial/boundary conditions.

A rectilinear grid is superimposed on the region of computation R where the
mesh spacings in the space variables are taken equal; namely

A, —4,— 4, = h,
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and the mesh spacing in the time dimension 4, is denoted by 7. The mesh ratio
r = 7/h? is taken to be constant throughout. We denote by u]j, the value of the
unknown u at the point (ik, jh, kh, 7m) = (x, ¥, z,1) i,j, k = 0, 1,..., N, Nh = B,
andm =0,1,2,....

We will use the central difference operators,

Solizy, = u?'hwk - u:';—%)jk
with similar expressions for 6, and §,, .
We will write Eq. (1) in the form
dujot = Lu + d(x, y, t), 3)
where L = a(0%/ox*) + b(62/6y?) + ¢ is a linear elliptic differential operator and
a = iy/pC, b = Ky/pC, ¢ = —hy/DpC,
d(x, y, 1) = s(x, 3, 1)/pC + heus/ DpC.
The general hopscotch scheme for Eq. (3) is given by
upt — rOFLY + BTLR) uft =+ rOFL" + mELY) ul
+ T(9m+1d§;)m+1 + 17”+1d§2,§)m+1)
23 3 2 ]
+ (05" + ™)
dOm o g@m _ gm
15 (3 7

(4)

with the restrictions

05 + 07 =1,

75+ = 1
L, = LM + L{? is the finite difference replacement for the differential operator
L= LY+ L where LM and L'® are one-dimensional operators, namely
LY = g(2?/0x%) + ¢; and similarly L® = b(6%/0y%) + ¢, with ¢ = ¢; + ¢5 . LV

and L{® can be any consistent E-operators (in the sense of [5]). However, to be
precise, we will assume the simplest difference replacements of L) and L® given by

L;Ll) = (a/hz) 8@'2 +oo = L(l) + O(hz),
L = (b/h*) 8, + c; = L® + o(h®).
Defining

1 i+ j+ meven,
0 i+ j—+ modd,

m m
05 = 15 =
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we obtain the odd-even hopscotch method

m+1 m+1 m+1 m m 3 +1 ym+1
ug - — 05 Ly T = uy; + w05 Ly + 707 7 - 85d) (%)
or
ulitt = ul + Ll + wdly Q4 j 4 meven, (6)
it — Lt = ul - rdl Tt i+ j - modd. (7

The computational algorithm proceeds as in [5] the details of which are omitted
here.

Writing Eq. (5) over two time steps and eliminating the term 67%"'L,u/"*" we
obtain

uptt — rOLLuGTE - Ul = 2ul — (8
When 67} is zero, Eq. (8) reduces to the explicit scheme

m+2 m+1 m
ui o= 2uy 0 — Uy,

and, consequently, for half the points an extremely simple substitution attains the
approximation required at the next time level. Full details of the implementation
of this fast odd—even hopscotch algorithm are given in [5].

The local truncation error for the odd-even hopscotch scheme with the difference
operator L, = (a/h?) 6,2 + (b/h?) 8,2 + c is obtained as follows: Writing Eqgs. (6)
and (7) such that i + j -+ m is even in both cases and expanding L, we obtain

W = (1~ 2ar — 2br 4 re)ull + @l ) + br(ud + ) - T

9

(1 + 2ar + 2br — 7o) ul} = ufy M+ ar(ufy; + ultyy) + brud, -+ ul_y) + di .
(10)

Eliminating the «{; term from Egs. (9) and (10) gives
(1 + 2ar + 2br — ro)uf; ™ = (1 — 2ar — 2br + 7c) uf} '+ 2ar(ulty; + uiy;)
+ 2br(ugyy + uiy) + 27dy; (11)
A Taylor series expansion gives

ou T Pu
5—t+ (2ar —+ 2br — 76)55[-2—

& 0*u h? oy o'u 9
—aw+ba—y2+cu+d+l~2(aw+b~a?)+o(~r —*1“]14)
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Therefore, the principal part of the local truncation error is

(2ar + 2br — T)ggt‘j—%(a%wg;‘:) (12)
Defining
mom- ) ihmee I
gives another hopscotch method.
up™ = ul} + Ll + 7di; i+ meven, (14)
upy ™t — Ll = ull + rd] i + m odd. (15)

It is easily seen that this algorithm requires the solution of a tridiagonal system
of equations to obtain approximate values at points along alternating i-grid lines,
i.e., in the y direction. The above method is called the line hopscotch scheme.
Similarly defining

gm — 1 j + meven,
= i = g j + modd

produces a line hopscotch algorithm with the implicit scheme orientated along the
x direction.

On replacing the 67; in Eq. (8) by that defined in Eq. (13) it is easily seen that a
fast line hopscotch can be obtained.

Writing Eqs. (14) and (15) for i + m even and eliminating the ]} terms leads
to the equation

(1 + 2ar — brd,? — ey uji™?
= 2ar(ufty; + ul'y) + (1 — 2ar + br8, 2 + vo)uly ™ + 27d7 . (16)
Taylor series expansion gives

ou T8 bt
o TR T T T wrayE

u o

2
6x2+b +cu+d+h( a4+b84)+o(72+h4)

The principal part of the line hopscotch truncation error is, therefore,

2 h2 64 84
(2ar~rc)————-—————( bee +b7yfj—). (17
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When

o — gmtt — 1 i + m even,
M =0 i 4-modd

we have the A.D.I. hopscotch scheme
uzﬁ;+1 T(9m+1L(1) + B?;-L(Z)) um+1 — uw + T(GZL(I) + 9m+1L(2)) u;r;
(0m+1d(1)m+1 + Bmd(2)m+1)
+ T(O:’;df,l)m + 0m+1d(2)7n) (18)
or
(2)) um+1 — (1 T TL(I)) u;r; € T(dg)m+l d(l)m) i 4 m even, (19)
(- TL‘”) Wt = (1 + 7L ul + +dP™ + dP™) i+ modd. (20)

With the above three point replacements for LY and L{® Eq. (19) requires the
solution of a tridiagonal system of equations along alternate i-grid lines, and,
therefore, Eq. (20) now becomes an explicit process.

Similar analysis to that for the truncation error for the line hopscotch method
gives for the truncation error of the A.D.I. scheme

ou PBu
(t¢; — 2ar) ¢, Fn + (ar — TC) t2 + b(rcy — 2ar)T 21572

T otu od® 72 e2d@  pr oA
bz g T a0 — 5 ~ 3 (e b 4)' @D

Therefore, we must choose d® = 0, d¥* = d to eliminate the time derivatives
of a Heaviside function from the analysis.

The form of the principal truncation errors, Eqs. (12), (17), and (21), is to prove
crucial in the application of the hopscotch methods for the anisotropic problems.

Consider Eq. (12); here the truncation error contains o(r) terms dependent
upon both of the diffusivity coefficients a and b. Consequently, the direction of
anisotropy is not going to prove significant for this method since the error term
will contain a substantially large anisotropic coefficient. This in turn will be
mirrored by relatively large errors in the computed solutions.

In contrast, the principal truncation error Eq. (17) of the line hopscotch method
contains an o(t) term involving just the diffusivity coefficient @ when the implicit
scheme is orientated along the direction of the x-axis. To propose the line hopscotch
scheme with the direction of the implicit scheme orientated along the y-axis will
clearly replace the coefficient @ by b in the o(r) term (together with the obvious
changes in the remaining terms). In this case however, if one coefficient is large
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relative to the other, it will be important which of the two possible line hopscotch
schemes is used. For example, if g is small relative to b then the scheme as proposed
by Egs. (14) and (15) should produce significantly more accurate results than its
complement scheme.

Similarly in considering the principal truncation error of the A.D.I. hopscotch
scheme given by Eq. (21), we find once again that just one diffusivity coefficient
appears in the o(r) part of the principal truncation error. For the same reasons
outlined above, the direction of the implicit scheme in the A.D.I. hopscotch method
should be chosen so that this coefficient is the smaller of the two, that is the direction
of the implicit scheme should be chosen parallel to the direction of anisotropy.

The above hopscotch algorithms can easily be extended to solve numerically
the three-dimensional heat equation (2) which can be written in the form

ou o2 o2 o
E?—Lu where L—aw—f—bw"{“ca—zz
and
K3 Ky Ks
a= . b=—, c = .
PGy PGy PGy

We define the finite difference operator

b
n ;’1) ;‘2) ;112 8" h? 8, hc2 8.f
which 1is split such that

e LR D

The general three-dimensional hopscotch scheme is
wit — 05 LY + BULY) it = - TORLY + L) ulh . (22)

1 for i+ j-+ k4 meven,
0 for i+ j+ k- modd,

m _ .om
Hia'k—"}ﬁk“

gives the odd—even hopscotch scheme

m+1

uijk = u:'?k + TLth’:k fOI‘ l + J —‘— k + m even, (23)

m~+1

Uit — sl = uly, for i-+j+ k + modd, 24
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with truncation error

h2 o4 o o
(a5 + bor + i) + o2+ A9, (25)

*u
(a+b+cyr—— a— 3y

err 12

Defining

g i1 i+ k + m even,
L R R )

we obtain a line hopscotch algorithm in three dimensions.

Uit = uly - L, for i+ k -+ m even, (26)
upn ' — TLyuf = i for ik + m odd, 2N

with truncation error

Pu T Au tu h? ot ou o'u
"”aTﬂ“?( P atzaz2) _ﬁ(“ o o e az4)' (28)
Finally
g me1 1 for i+ k -+ m even,
ik = Mijrp = g

0 for i+ k -+ m odd,
gives a three-dimensional A.D.1. type scheme

L2)u? = (1 + L) u  for i+ k -+ m even, (29)
(1 — 7Lyt = (1 + LY u,  for i+ k + m odd, (30)

where the truncation error is given by

Pu T *u *u h? ou otu
T?ﬁ‘?( at23y2+catzaz2)“12( 8x4+b +caz4)' Gh

Our remarks regarding the orientation of the implicit portion of the schemes
for the two-dimensional hopscotch schemes are clearly relevant once again here,
where we assume a unidirectional anisotropy (the case of two directions of
anisotropy will be considered in a future paper). The normal boundary conditions
are applied by using the simple difference replacements éu/ox |,_, = (Ui}, — u™;.)/2h
and Qu/ox |, = (U{Nni1)n — Uin-1)/2h with similar expressions for ou/¢y |,_o

iid iliiiii I iiﬂ Iiiiiiiii ii Iii ii"“mmi hgnﬁsmﬁh ﬁﬁhﬁgii als) hmmdarv
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4. NUMERICAL RESULTS

A series of experiments was carried out to test the hopscotch schemes, outlined
in Section 3, for the numerical solution of the thermal print head model in both
isotropic and anisotropic media.

Assuming the heat source to be constant (¢, = occ) and with the additional
restrictions o =0, u, =0, u(x,y,B,1t) =gx,p,B,t1) =0 for all time, a
theoretical solution to Egs. (1) and (2) with associated initial/boundary conditions
can be obtained, namely,

— {7t o TX _Z 2 eog 2 cos . gin T
u;(e cos l cos )( 1)~}-e cos ] cos / sin 7o (32)
where
_ (k5 + Ky) A= — (kg + K4 + ;)
4 PpCy 7 Pp,Cy
P (33)
D= 0

pCl(ks + k4)/pyCy — (1 + K3)/pC)

To obtain a positive value for the thin film thickness D we are restricted to
making the diffusivity of the substrate greater than that of the thin film. Therefore,
although the solution (32) to the print head model is not physically reasonable we
are able to obtain comparisons of the hopscotch methods and also determine their
accuracy.

It is to be noted that no theoretical solution covering the whole print head is
known for a discontinuous heat source. However, a theoretical solution can be
obtained for a single heat element thin film equation in which there is a single
on-off switching namely, the heat source initially on, is switched off after ¢, sec.

With « = 0 and u,, = 0 the solution to Eq. (1) is

H

) (1 — & WY1 — H(t — 1)) + cos T cos - et (34)
ho B B

where

_ ho —
V———DPC and y = —

m(ky + ko)
BpC -
The theoretical solution for the discontinuous heat source problem provides a
further means of testing the hopscotch schemes.
Isotropic Problems for a Single Element

In order to obtain a basis for comparison for the methods under the assumptions
of anisotropy, we first considered the results obtained by the hopscotch methods
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on isotropic problems. To obtain an estimate of the accuracy in this case (and to
ensure the programs were completely debugged) the heat problem, for which a
theoretical solution is known, was solved first. The values of the isotropic
parameters used are as follows A = 1/10, x; = x, = 0.5, p = 24.42, C = 2.6,
Ky = Ky = k5 = 0.005, p, = 0.12, C, = 3.0095, h, = 0.000679, D = 0.00011045
(from Eq. (33)), u, = 0, ¢ = 10,

The results obtained using the hopscotch methods are indicated in Table I.
We would expect, as a result of the analysis of the principal truncation errors, that
the numerical errors (the difference between the theoretical and computed solutions)
would be of the same order of magnitude. This is clearly confirmed by the results
of Table L.

TABLE 1
Maximum Absolute Error at 100 Time Steps in the Print Head

r Odd-even Line AD.L

0.1 4,050 x 10— 4,050 x 10* 4.051 x 10—
0.3 1.134 x 103 1.134 x 103 1.135 x 103
0.6 2.039 x 103 2.043 x 103 2.050 x 10—
1.0 2.937 x 103 2.952 x 10— 2.979 x 103

It is to be noted that an increase of the value of the heat source by a factor £,
say, brings about a corresponding increase in both the theoretical and compu-
tational solutions and, thus, variations in the heat source term have been omitted.

To investigate the effect of the discontinuous heat source upon the numerical
results, the problem for which a theoretical solution is known in the thin film only,
was also solved. The physical parameters used were the same as for the previous
example. The maximum errors are quoted in Tables II and II1. The result of the
discontinuity is to increase the size of the errors by a factor of ten just after the
switch off as compared with the errors just before the switch off. However, these
errors do not grow for increasing time but remain of the same order of magnitude.

TABLE II
Maximum Absolute Error at 50 Time Steps in the Thin Film

r Odd-even Line A.D.L.

0.1 6.291 x 103 6.292 x 10® 6.292 x 108
0.3 1.839 x 10~ 1.840 x 10—¢ 1.841 x 10
0.6 3.534 x 10~* 3.539 x 10 3.545 x 10

1.0 5.577 x 10~ 5.594 x 10 5.618 x 10
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r Odd-Even Line A.D.I

0.1 2.542 x 104 2.637 x 10— 2.698 x 10-4
0.3 6.635 x 101 7.170 x 10 7.343 x 104
0.6 1.163 x 102 1.269 x 10-3 1.301 x 10~
1.0 1.745 x 102 1.861 x 10-3 1.911 x 103

As we mentioned above the set of parameters used in order that a theoretical
solution can be obtained may be regarded as nonphysical. To test the hopscotch
methods on a realistic isotropic problem the following set of parameters was chosen
for a silver thin film surmounting a glass substrate, ie., « =0, B =17/=1,
h=1/10,r = 1.0, k; = x; = 1.0, p = 10.49, C = 0.0556, k3 = r, = x5 = 0.0028,
pr = 24, C, = 0.2, by = 0.000053, u, = 0, D = 0.000015, g = 10.0. It is to be
noted that for a discontinuous heat source no theoretical solution is known for the
print head problem under the above conditions.

u
3 A 1 3 1
2 4 2
1 14
2 2
3 3
t
1 v t —t—t t
100 200 100 200

Fic. 3. Graphs' of temperature distribution in an isotropic thermal print element for a
single switch off of the heat source; the solution obtained using the odd—even hopscotch algorithm.

Fic. 4. Graphs of temperature distribution in an isotropic thermal print element for a single
switch off of the heat source; the solution obtained using the line hopscotch algorithm.

! In Figs. 3-15, graphs 1, 2, and 3 denote the temperature distributions in the thin film, and
first and third substrate layers, respectively.
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3

o - " —r—t |
100 200

FiG. 5. Graphs of temperature distribution in an isotropic thermal print element for a single
switch off of the heat source; the solution obtained using the A.D.1. hopscotch algorithm.

The print element was examined for a single switching of the heat source where
ty = 1007. Graphs in Figs. 3-5 represent the temperature distribution at a fixed
point (x =y = 0.5) and for z = 0.0, 0.1, and 0.3 where 0 < ¢ < 200+ as
computed by the odd-even, line, and A.D.I. hopscotch methods, respectively.

Consideration of the solutions obtained in Figs. 3-5 indicates that there is
little to choose between the three variants of the hopscotch method for the
isotropic problem. The numerical results agree with the results previously reported
in [9] using A.D.I. and L.O.D. methods. The amount of computation, however,
represented by Figs. 3-5 is substantially less than that required in [9]. We have
quoted just one of the variants of the possible line and A.D.I. hopscotch schemes,
the results using the other variants were (obviously) precisely the same.

Anisotropic Problems for a Single Element

The computational experiments for the isotropic problems were repeated using
the following physical constants « = 0,8 = I = 1, 1 = 1/10, x; = 1.0, x, = 100.0,
p = 15.154, C = 2.664, «3 = 0.005, «, = 100.0, «; = 0.005, p, = 6.5, C; = 6.019,
hy = 0.000679, D = 0.00003936, u,. = 0, ¢ = 10. The print head is, therefore,
highly anisotropic in the y direction.

Both the line and A.D.I. hopscotch schemes were implemented such that they
were aligned with the direction of implicitness in the hopscotch scheme
(a) perpendicular to the anisotropy and (b) parallel to the anisotropy.

As a result of the anisotropy the theoretical solution in both the continuous and
discontinuous heat source problems (32) and (34) reach a steady state after only
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a few time steps. For this reason we have only considered a comparison of the
computational errors in the continuous heat source problem after ten time steps
{Table V) and for a ten steps on/ten steps off period for the discontinuous problem
(Tables V and VI).

TABLE 1V
Maximum Absolute Error at 10 Time Steps in the Print Head

Odd-even

¥ Line (a) A.D.L (a) Line (b) A.D.L (b)
0.1 7.884 x 10-¢ 7.885 x 10 8.107 x 104 2.432 x 103 2,432 x 1078
0.3 2.815 x 102 2.815 x 10? 2.738 x 10-2 3.488 x 10-° 3.494 x 10-3
0.6 1.353 x 10t 1.353 x 10! 1.316 x 10! 5.111 x 104 3.451 x 104
1.0 3.217 x 10! 3.216 x 10! 3.147 x 101 4.150 x 103 4109 x 102

TABLE V
Maximum Absolute Error at 10 Time Steps in the Thin Film

r Odd-even Line (a) A.D.L (a) Line (b) A.D.L (b)
0.1 2.683 x 10 4,949 x 10 5.494 x 10 1.529 x 1073 1.542 x 102
0.3 1.785 x 10— 8.520 x 102 1.634 x 102 2.088 x 10— 2.290 x 102
0.6 8.557 x 102 1.777 x 1072 7.939 x 102 5.116 x 10* 8.824 x 10—
1.0 2,023 x 10! 2.009 x 10! 1.900 x 10! 3.786 x 103 2.385 x 10~

TABLE VI
Maximum Absolute Error at 20 Time Steps in the Thin Film

r Odd-even Line (a) A.D.L (a) Line (b) A.D.L (b)
0.1 6.764 x 104 8.429 x 10* 7.252 % 10* 2.522 x 103 2.643 x 103
0.3 1.597 x 10-* 3.679 x 102 1.656 x 102 2,654 x 103 2.802 x 103
0.6 3.096 x 102 1.775 x 102 3.553 x 102 1.329 x 103 1.448 x 10-3
1.0 8.884 x 103 8.661 x 103 8.324 x 10® 2417 x 103 2.340 x 10-®

In order to ascertain the behavior of the hopscotch methods for the anisotropic
problem we have used a theoretical solution once again. In this way the effect of

aligning the implicitness parallel to or perpendicular to the direction of anisotropy
is then apparent.
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Fig. 6. Graphs of temperature distribution in an anisotropic thermal print element for a
single switch off of the heat source; the solution obtained using the odd-even hopscotch algorithm.

FiG. 7. Graphs of temperature distribution in an anisotropic thermal print element for a
single switch off of the heat source; the solution obtained using the perpendicular line hopscotch
algorithm.
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FiG. 8. Graphs of temperature distribution in an anisotropic thermal print element for a
single switch off of the heat source; the solution obtained using the perpendicular A.D.J. hopscotch
algorithm.

FiG. 9. Graphs of temperature distribution in an anisotropic thermal print element for a
single switch off of the heat source; the solution obtained using the parallel line hopscotch al-
gorithm.
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FiG, 10. Graphs of temperature distribution in an anisotropic thermal print element for a
single switch off of the heat source; the solution obtained using the parallel A.D.I. hopscotch
algorithm.

In Table 1V it becomes clear that we must ensure the implicitness in the line and
A.D.1 hopscotch methods coincides with the direction of anisotropy. Moreover,
the results obtained by the odd—even hopscotch scheme are hopelessly inaccurate.
These results clearly support our conjecture made in Section 3. We would surmise,
therefore, that when applying our algorithms to the anisotropic problem with
realistic physical data we would obtain significantly differing behaviors. To this
end the anisotropicdataa = 0,8 =/=1Lh=0.1,r = 1.0, x; = 1.0, x, = 100.0,
p = 10.49, C = 0.0556, k3 = 0.0028, , = 0.28, «; = 0.0028,p, = 2.4,C, = 0.2,
hy = 0.000053, ¢ = 10, u, = 0.0, D = 0.000015 with the initial temperature
distribution u(x, y, z, 0) = 0, was employed and the results obtained using the
hopscotch methods are reported graphically in Figs. 6-15. Figures 6-10 depict the
temperature distribution in the print element computed by odd-even, perpendicular
line and A.D.1,, and parallel line and A.D.I. hopscotch algorithms, respectively,
at the fixed points {x = y = 0.5, z = 0.0, 0.1, 0.3} for a single switching of the
heat source #, = 1007, and 0 <t < 2007. A comparison of these shows that the
parallel line and A.D.I. hopscotch methods produce physically realistic temperature
distributions whereas the odd-even and perpendicular line and A.D.I. hopscotch
methods work very poorly on the anisotropic problem. The contrast between the
methods is even more dramatic when multiple switchings are effected as depicted
in Figs. 11-15.

In Fig. 11, the odd—even hopscotch method has produced a distribution which
has a rapid growth with no indication of a cooling period which exists when the heat

581/13/3~3
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source is switched off. The same effect is apparent with the perpendicular line and
A.D.1. methods as shown in Figs. 12 and 13, respectively. However, in using the
parallel line and A.D.I. hopscotch methods, the cooling effect is apparent in Figs. 14
and 15 and the steady temperature pattern is obtained after approximately
six cycles.

604
50 4
404
30 4

20

3

t t
100

FiG. 11. Graphs of temperature distribution in an anisotropic print element for a print cycle
of 10+; the heat source being on for 5+ and off for 5+—the odd-even hopscotch algorithm.
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FiG. 12. Graphs of temperature distribution in an anisotropic print element for a print cycle
of 10r; the heat source being on for 57 and off for 57 — the perpendicular line hopscotch al-
gorithm.

Fic. 13. Graphs of temperature distribution in an anisotropic print element for a print cycle
of 10+; the heat source being on for 57 and off for 5+ — the perpendicular A.D.1. hopscotch
algorithm,
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Fic. 14. Graphs of temperature distribution in an anisotropic print element for a print cycle
of 10r; the heat source being on for 57 and off for 57 — the parallel line hopscotch algorithm.

FiG. 15. Graphs of temperature distribution in an anisotropic print element for a print cycle
of 107; the heat source being on for 57 and off for 57 — the parallel A.D.I. hopscotch algorithm.

From these latter figures the operating conditions for the thermal print head can
be determined. That is, the highest peaks in Graphs (1) shown in Figs. 14 and 15
can be chosen so that this temperature is above that required for the chemical
reaction to take place in the thermally sensative print paper; whereas, the lower
troughs are chosen so that these points are below the critical temperature. We have
chosen a heating cycle in which the heat source is on for the same amount of time
as it is off, namely on for 57 and off for 5. If the operating conditions are not
satisfactory in practice (the troughs in Figs. 14 and 15 are not sufficiently low) then
by adjusting the ratio of ““on time” to “off time,” so that a larger cooling time per
heat cycle is effected, an appropriate cycle can be produced so that “smudging” of
characters does not occur. For brevity we have omitted the figures illustrating this
point,

5. CONCLUDING REMARKS

It can be concluded from Tables I-111 that there is no significant difference in the
accuracy of the results produced by the three hopscotch methods when applied
to isotropic problems Eqgs. (32) and (34). This result is further borne out by the
results of the discontinuous heat source problem illustrated in Figs. 3-5. The
odd-even hopscotch scheme, however, has a computational superiority over the
line and A.D.I. hopscotch methods, as it does not require the solution of linear
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sets of equations at each time step. The line and A.D.1. hopscotch methods, aligned
in the x and y directions give the same results for isotropic problems.

The results in Tables 1V-VI for the problems, anisotropic in the y direction,
show that the odd—even, and the line and A.D.I. hopscotch schemes perpendicular
to the anisotropy are completely inaccurate. In contrast the parallel line and A.D.I.
hopscotch methods give a computational solution with three figure accuracy.
Applying the line and A.D.I. hopscotch methods both in the x and y directions
and the odd-even hopscotch scheme to a discontinuous heat source problem in an
anisotropic medium, we see from the temperature distribution graphs for the five
methods Figs. 610, that the low accuracy schemes give unrealistic results. The
temperature distributions for a muitiple switching of the heat source Figs. 11-15
again show the odd-even and perpendicular directional methods to be subject to
a large error growth.

We conclude that for anisotropic problems that the use of the odd-even
hopscotch method is not to be advocated and the line and A.D.I. hopscotch
algorithms must be implemented in the direction of high anisotropy. Compu-
tationally, both methods are equivalent; however, the computing time required
for the line hopscotch scheme is far less than that for the A.D.I. scheme for which
there is no fast algorithm.

In all the numerical experiments the fast odd-even and fast line hopscotch
algorithms were used whenever possible, i.e., when the solution was not required
at every time step.

The computation was carried out on an Elliott 4130 computer at the University
of Dundee.
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